This paper considers an optimal path generation problem that generates a path of an automobile without any collision with obstacles. The problem is formulated as a mixed integer programming problem. In the problem the obstacles and environments around the automobile can be represent as inequality conditions. The dynamics of the obstacle is described as variation of a prohibited region. According to model predictive control we solve the optimal path generation problem at each time step then apply the first element of the optimal input. The method proposed in this paper can deal with an explicit representation of the dynamics of the obstacle and provides no collision between the automobile and the obstacle.
Introduction
The growth of motorization results in the growth of the number of car accidents and injured people year by year. Especially the percentage of the accidents that involve pedestrians and bicyclists remains high. On the other hand Intelligent Transport Systems (ITS) technology have attracted researchers [1] . Useful information from infrastructures and sensors will be available in the future. It is promising to consider a vehicle control taking into account road environments, other vehicles, pedestrians, and so on.
Some situations of car accidents can be deemed as a collision between a vehicle and obstacles. Then the avoiding accidents problems can be formulated as a collision avoidance problem. The collision avoidance problem is well known in robotics and aerospace literatures [2] - [4] . However it is not easy to apply these approaches directly to the car accident case since the automobile can only move in a constrained environment: road width, regulations, etc. It is important to deal with the constrained environment for the collision avoidance problems. Furthermore to solve the car accident problems it is needed to consider other automobiles, stationary obstacles, and pedestrians which have different motion properties respectively.
In this paper an optimal vehicle path generation problem that generates a path without a collision between the automobile and the moving obstacle in the constrained road environment is considered as a first step of our research. In the problem the moving obstacles and the constrained environment around the automobile can be represented as inequality conditions. The dynamics of the moving obstacle is described as variation of a prohibited region. The problem is formulated as mixed integer programming. According to model predictive control [5] the optimal path generation problem is solved at each time step then the first element of the optimal input is applied. An reasonably short computation time to solve the model predictive control problem can be obtained by using a linear system model for the optimal vehicle path generation. Using the optimal vehicle path obtained by the generator as a reference of a tracking problem that includes an appropriate controller, the detail dynamics of the vehicle can be included to the control problem. The proposed vehicle path generation problem formulation can deal an explicit representation of the dynamics of the moving obstacle and provides no collision between the automobile and the obstacle. This paper is organised as follows. In Sect. 2 the vehicle model and the obstacle model are provided, then the prohibited region is introduced and the objective function for the control problem is formulated. In Sect. 3 the model predictive control scheme is considered. Finally numerical simulation results are presented.
Collision Avoidance Problem
In this paper a collision avoidance control problem for automobile shown in Fig. 1 is considered. The automobile can move in x-y plane and width of the road is restricted.
Vehicle Model
In this section a mass model is introduced to represent an automobile motion in a simplified way. The model is represented in x-y plane as follows:
where m is mass, and f x and f y denote forces in each direction.
In this paper this model is discretized with a sampling time h, then a control problem is formulated for a discrete-time linear system. The discrete time is denoted by k. A real automobile system has some constraints. In this paper constrains on accelerations in x and y directions are taken JCMSI 0003/08/0103-0222 c 2008 SICE into account. Further a constraint on the width of the road is introduced.
The constraint on the acceleration in x direction is represented as
where g = 9.8 [m/s 2 ]. This constraint means that acceleration is not allowed in this problem formulation. The constraint on the acceleration in y direction is represented as
The constraint on the width of the road is denoted by
where y min and y max are parameters that describe the width of the road.
Moving Obstacle Model
A rectangle obstacle shown in Fig. 2 is considered in this paper. The position of the center of obstacle at time step k is denoted as (x p (k), y p (k)). The lengths of the rectangle obstacle in each direction are 2l x and 2l y . It is assumed that the obstacle moves at a constant velocity v px and v py in each direction respectively. Then the motion of the center of obstacle can be represent as
where the sampling time h is used.
Prohibited Region
In this section a prohibited region is defined to avoid a collision between the vehicle and the obstacle. The dimention of the vehicle is 2l vx × 2l vy . Then the prohibited region can be represented as the masked region in Fig. 3 . If the position of the automobile does not enter the prohibited region then no collision is guaranteed. Vertices of the prohibited region are
Then conditions for the collision avoidance are as follows:
Since these conditions are represented in 'OR' form, it is not easy to deal with the conditions directly in numerical programming problems. To translate from or condition into and condition a transration called 'big M' method [3] is used. This method is found in some control applications [1] - [3] . Then the conditions are
ConstraintA : 
where δ 1 , δ 2 , δ 3 , and δ 4 are binary, and M is a large positive number. For the sake of simplicity the above collision avoidance conditions are called 'Constraint A.'
Objective Function
In this section to obtain a desired driving behaviour a performance index is constructed. In this paper we consider the following control objectives: We construct the performance index from the viewpoint of smooth driving. According to the above points a performance index is constructed as:
No collision between the vehicle and the
where N is a predictive horizon and w y , R 1 , R 2 ∈ R are weights for each variable.
To formulate this problem as a mixed integer linear programming programming a transformation is needed. To show the transformation easily consider the following simple minimization problem that includes an absolute value function
where p ∈ R. To translate the absolute value a new variable that satisfies the following inequalities (12) is introduced
Then a minimization problem min implies a relation = |p|. Hence the minimization problem that includes an absolute value function (11) can be translated into
This problem is solved by linear programming. Applying the transformation to each term of (10), the minimization of the performance index (10) is formulated as a mixed integer linear programming problem.
Vehicle Path Generation Problem

Model Predictive Control
Solving the following minimization problem at a time step k, we obtain the optimal vehicle path without collision,
subject to Constraint A and (3), (4), (5) .
Denote the optimal inputs as f * x , f * y . The trajectory obtained by applying the optimal inputs is defined as the optimal trajectory (x * ,ẋ * , y * ,ẏ * ). Since the minimization problem includes binary variables it is formulated as a mixed integer linear programming problem.
According to the receding horizon philosophy we solve the above mixed integer linear programming at a time step k then the first element of the optimal solution is applied to the vehicle system and the optimal input f * x , f * y can be obtained. This process is repeated at each time step. This model predictive control algorithm can provide the optimal path that takes into account the predicted motion of the moving obstacle. It can be expected for the system to adapt to a change of the motion of moving obstacle by using the model predictive control algorithm.
Computation of Steering Angle
In this section it is described how to obtain the optimal steering angle δ f for the optimal path discussed in the foregoing section. Using the optimal trajectory as a reference in Fig. 4 , the steering angle δ f can be calculated. If the controller in Fig.  4 is designed appropriately, then it is possible to consider the steering angle is the optimal steering angle approximately. Fig. 4 Conceptual block diagram.
The system in Fig. 4 for the computation of the steering angle is represented as follows assuming a bicycle model of vehicle:
where K f is a coefficient of the cornering force for the front tire, K r is a coefficient of the cornering force for the rear tire, I denotes the moment of the vehicle, L f and L r are length from the center of the vehicle to front and rear tires. The inputs of this system are the steering angle δ f and the acceleration in x direction a. If the tracking performance of the controlle K is enough the control input δ * f can be obtained appropriately.
Numerical Simulation
Consider a situation: when the vehicle drives at 60 km/h the moving obstacle comes into the road at the point x = 25 m with the velocity 4 km/h in y direction. The width of the road is 8 m. The time to collision is 1.5 s. It is assumed that the obstacle moves at the constant velocity 4 km/h. The vehicle system is discretized with the sampling time h = 0.1s. The weights of the objective function are set w y = 1, R 1 = 0.1, R 2 = 10 −5 and the predictive horizon is N = 40. The simulation results are shown with the above settings. The optimal trajectory is shown in the left of Fig. 6 , and the most critical situation in this trajectory is shown in the right of Fig. 6 where the distante between the vehicle and the obstacle is minimum. The time histories of the state and input are shown in Fig. 7 . Figure 8 shows the time histories of the steering angle δ f and the acceleration in x direction a. The steering angle δ f and the acceleration in x direction a are computed by using a high gain controller that provides enough tracking performance with the ignorable delay in Fig. 4 .
The control system Fig. 9 is designed to calculate (δ f , a) * . We obtain the acceleration from a * =ẋ * . Define error e and a variable ξ:
then the controller is set as
The PI controller (20) has enough tracking performance. The linear vehicle system representation (16) used in this paper can be extended to a nonlinear representation, since this control structure does not depend on the linearity of the model. From the simulation it is found that the proposed algorithm can generate the optimal vehicle path without collision. The computation time to solve the minimization problem at each time step is 0.017 s on an average by using a PentiumD 2.8 MHz personal computer. CPLEX c [6] is used for the solution of the minimization problem. Since the weight R 1 for f x is larger than the weight R 2 for f y , the optimal vehicle path uses a large f y without deceleration.
Conclusion
In this paper the optimal vehicle path generation problem that generates a path without the collision between the automobile and the moving obstacle in the constrained road environment was considered. In the problem the moving obstacles and the constrained environment around the automobile were represented as inequality conditions. The dynamics of the moving obstacle was described as variation of a prohibited region. The control problem was formulated as a mixed integer programming problem. An reasonably short computation time to solve model predictive control problem was obtained by using a linear system model for the optimal vehicle path generation. Using the optimal vehicle path obtained by the generator as a reference of a tracking problem that includes an appropriate controller, the detail dynamics of the vehicle can be included to the control problem. The proposed vehicle path generation problem can deal with an explicit representation of the dynamics of the moving obstacle and can provide the optimal path with no collision between the automobile and the obstacle. From the simulation results it is confirmed that the proposed algorithm can generate the optimal path and the control inputs that follow it very closely without the collision.
